Detection and evaluation of time-and space-domain fields scattered by one-dimensional objects is considered for applications in superresolved microscopy. Modal decomposition of scattered fields is used to estimate the information passed by band-limited diffraction from an object to the far field. The transinformation is shown to increase with the number of frequencies in the probe field.
INTRODUCTION
Di Francia showed that the number of degrees of freedom in two-dimensional (2-D) monochromatic or incoherent images detected by spatial-bandwidth-limited far-field receivers is approximately equal to the product of the spatial bandwidth of the imaging system and the spatial extent of the object. 1 Several researchers have noted that this limit on the information content of imaging fields may be surpassed if time-domain or spectroscopic information is also analyzed. 2, 3 Sun and Leith described an experimental system in which one obtains improved resolution by carrying different spatial bandpass regions through a lens on different spectral components of the illuminating field. 4 As noted in these papers, the number of degrees of freedom in the field scattered through a band-limited imaging system is approximately equal to the products of the space -bandwidth and time -bandwidth products of the field. This does not mean, however, that one can necessarily increase the resolution of an imaging system by increasing the temporal bandwidth of the probe field. The number of degrees of freedom independently encoded by scattering off the object and through the imaging system depends on the object. Although relationships between the spatial structure of the object and the field are well understood, less is known about the timedomain structure of fields scattered by static 2-D and onedimensional (1-D) objects. The time-domain field may be shaped by both material and form dispersion. This paper quantifies the effect of form dispersion on the field by calculating the information encoded in the space -time structure of the polychromatic fields scattered from static 1-D objects.
An imaging system transforms objects and events in one region of space -time to a field in another region. By detecting the field, one hopes to reconstruct the objects or events. Reconstruction may result from direct analogy between the structure of the field and the structure of the object, as in photography, or from computational analysis of the fields, as in tomography. In either case, reconstruction is a mapping between the received field and the object. This mapping cannot be one to one because the number of demonstrably distinct fields that can be detected is finite, whereas the number of possible objects is unbounded. Reconstruction maps the detected field onto the class of objects that generate that field. The resolution of an imaging system can be defined to be the ratio of the area of 2-D objects or the length of 1-D objects to the logarithm of the number of distinct fields that the objects can generate. The logarithm of the number of distinct fields is the transinformation of the imaging system. The goal of this paper is to evaluate the transinformation passed by 1-D objects to the far field. We do not explore the inverse mapping between detected fields and objects. By calculating the number of distinct fields, we obtain a measure of the potential resolution of polychromatic imaging systems.
The fact that optical receivers detect the time-averaged intensity of the field rather than the field itself is a major constraint on optical imaging systems. Intensity detection systems automatically discard the temporal degrees of freedom in the scattered field. To recover the complete temporal structure of the scattered field, one must employ interferometric methods. A number of interferometric microscopes have been developed in recent years for use in surface profilometry and vibrational analysis. 5 -7 Although these systems do not measure the actual temporal shape of the scattered field, they can be used to determine the band-limited space -time impulse response for fields scattering from the object. Spatially coherent sources, which are unnecessary in profilometric applications, are essential to the space-time imaging systems considered in this paper. Spatially coherent white-light interferometry is discussed in Ref. 8 . A related type of interferometric microscopy using narrow-band phase modulation coupled to a laser cavity is described in Ref. 9 . This paper presents a numerical analysis of the application of spatially coherent white-light interferometric microscopy to high-resolution imaging. Our goal is to show that polychromatic fields scattered by objects with no material-based spectral sensitivity contain sufficient degrees of freedom for superresolved image reconstruction. We achieve this goal by using principal-component analysis of the scattered fields. Similar methods have been used to estimate the information content of incoherent multispectral images of objects. 10 Our results use principal-component analysis of potential scattered fields to estimate the number of detectable degrees of freedom in the field. Section 2 of this paper describes the object and receiver models that we use to characterize inter-ferometric microscopy. Section 3 outlines our approach for calculating the information encoded by the object in the scattered field. Section 4 describes the numerical algorithm used to calculate the scattered field. Section 5 presents results of our analysis for various objects and probe fields. Although the computational complexity of the problem prevents us from considering fields with a large number of spectral channels, we are able to show in Section 5 that coherently detected polychromatic fields can yield substantially more object information than can monochromatic fields. Figure 1 is a sketch of an interferometric microscope. Light from a point white-light source is focused onto the object by an objective lens. Light scattered by the object is collected by the objective and imaged onto a detector array, where it interferes with a plane reference drawn from the original source. Figure 1 shows the microscope working in reflection mode, as is most practical for objects supported by a substrate. We consider transmitted fields in our numerical analysis, however. The point source is imaged onto the object. The field reflected by the object is collimated and injected into an interferometer. The temporal behavior of the source is described by a scalar function c͑t͒. When the field is scattered by the object, its space -time structure is reshaped by object features and form dispersion. Since these effects are linear in the field, they can be combined and represented as a space -time object impulse response f ͑ r, t͒. The object field at the output plane of the interferometer is then c͑t͒ ‫ء‬ f ͑ r, t͒ where ‫ء‬ denotes convolution. The field striking the output detector array is the superposition of the plane source field from the reference arm of the interferometer and the reflected object field, c͑t 2 t͒ 1 c͑t͒ ‫ء‬ f͑ r, t͒. The time delay t reflects the difference in the optical path length along the reference and object interferometer arms.
RECEIVER AND OBJECT MODELS
Object information is encoded in f ͑ r, t͒, and our goal is to recover this function or, equivalently, its temporal Fourier transform F ͑ r, v͒. To achieve this goal, we must use the time-averaged intensity received by the detector array,
where
In practice, I ͑ r, t͒ is digitized as a function of both space and time delay. Taking the discrete Fourier transform of I ͑ r, t͒, we obtain
c͑t͒ is a band-limited function centered on frequency v 0 . C͑v͒ is the Fourier transform of c͑t͒. F ͑ r, v͒ is recovered over the bandwidth of c͑t͒ by filtering I ͑ r, v͒ about v 0 .
Noise arises in our estimate of F ͑ r, v͒ from fluctuations in the probe intensity and in the detector. These fluctuations cause the dc terms in Eq. (2) to contribute noise to I ͑ r, v͒. Signal-to-noise ratios (SNR's) in estimates of F ͑ r, v͒ have been analyzed in the context of Fourier transform spectrometry. Assuming that the field intensity in the reference and signal components are equal, the SNR in estimated spectra is 11, 12 SNR s 2p tb
where SNR r is the SNR for direct measurements of the reference intensity, B is the bandwidth of the reference signal, t is the interferometer sampling period, and N s is the number of samples used to calculate the spectrum. For accurate recovery of the highest-frequency components of the interferogram, t will generally be less than 2͞B. N s must exceed 1͞tb by a factor equal to the time -bandwidth product of the signal. Increasing N s beyond the required level is detrimental to the SNR. The statistics of interferometer noise include both additive and multiplicative contributions. At moderate intensity levels, however, the principal noise sources are fluctuations in the time-integrated intensity and the detector current. Since the time-averaged intensity and its Fourier transform assume approximately Gaussian statistics, 13 the noise may be assumed to be normally distributed. If the dc intensity terms dominate, the noise in estimating F ͑ r, v͒ is additive. This paper considers the amount of information that a static object can encode in a spatially and temporally band-limited function F ͑ r, v͒. In the remainder of the paper we neglect the details of detection and consider the information content of F ͑ r, v͒ once it has been detected. To reduce computational and conceptual complexity, we limit our analysis to 1-D objects and consider F ͑ r, v͒ at only a few frequencies. Since a practical system may be capable of isolating hundreds of distinct spectral channels, our analysis is simpler than would be required in practical implementations. The basic structure of the objects that we consider is sketched in Fig. 2 . The object consists of N unbounded strips. The transverse width of each strip is Dy, and the total transverse extent of the object is l N Dy. The depth of each strip is w. Each strip consists either of a homogeneous and isotropic material or of free space. For material strips we will distinguish between perfect electrically conducting (PEC) strips with w 0 and penetrable dielectric strips of finite depth. Our goal is to estimate the average information content, or entropy, of fields scattered by such objects into the far field for normally incident, transverse magnetic (TM Z ) plane waves. We consider the dependence of the information content on the number of frequencies in the probe field n f as well as on Dy, the object material, w, N, and the noise level. To accomplish this goal, we set the object parameters and calculate the scattered field F ͑ r, v͒ at n s spatial points and for n f frequencies. This uniformly spaced array of n s observation points measures Dy m in length, is oriented parallel to the object, and is located a distance Dx m from the object. Band limits on spatial and temporal detection are maintained by limiting the region of space over which the spatial sampling points are distributed and by limiting the range of the sampling frequencies. n s is determined by increasing the number of samples taken in the allowed spatial range until the calculated information content is not substantially affected by further sampling. n f is varied to demonstrate how the transinformation capacity of the system increases with the number of frequencies in the probe field. n f 's upper bound is determined by computational constraints. The calculated data for a given object are arranged into a vector f of length m n s n f . By repeating this procedure for a random distribution of objects, we are able to estimate p͑ f ͒, the probability density function for f. p͑ f ͒ accounts for the transformation from the statistical distribution of possible objects to the statistical distribution of scattered fields. Section 3 explains how the calculation of f for a large number of scatters permits us to estimate p͑ f ͒ and the transinformation capacity of the scattering system. The calculation of f is described in Section 4.
DEGREES OF FREEDOM AND RESOLUTION
The entropy, or average information content, H ͑F ͒ of the field F is defined in terms of the normalized probability
In practice, H ͑F ͒ does not measure the information available at the receiver, since the received signal S is corrupted by noise. The noise is assumed to be additive; hence
Frieden 10 defines the transinformation as the average measure of information transmitted by a communication channel. The transinformation I ͑S; D͒ carried by S is the average information that is available about the field F on measurement of S and is defined as
Using Eq. (5), one can readily show that H ͑S j F ͒ is the entropy of the noise N, and the transinformation can be expressed as
We will now explicitly calculate the information content of our system. 10, 15, 16 Assuming that both F and N are complex Gaussian random fields with zero means, the respective probability density functions are
where F c and N c are the signal and noise covariance matrices, respectively. Numerical corroboration for the assumption that F is normally distributed is presented in Section 5 below. Since the noise is uncorrelated, N c s n 2 I. The computation of F c from field data is discussed below. Since the field and noise distributions are Gaussian, the distribution of their sum S is also Gaussian and
Inserting these probability distributions into the equations for entropy gives
where m is the number of rows in the covariance matrices. Substitution of Eqs. (11) and (12) into Eq. (7) yields
To compute I ͑S; D͒, one needs to estimate the field covariance matrix F c . To this end, the m vectorf is computed for a large number n of randomly selected objects, where n . . m. From these samplesf i , i 1, . . . , n, the average field vectorf a is computed and then subtracted from each sample. The resulting vectors f i f i 2f a are arranged into the m 3 n matrix F as
Next, one estimates F c , using
Denoting the eigenvalues of F c by s f1 2 , s f2 2 , . . . , s fm 2 , which are ordered from greatest to least, we can express the transinformation I ͑S; D ͒ as
However, only those eigenvalues of F c that are greater than the noise level need to be kept, since the rest are dominated by noise and cancel with the denominator of Eq. (16) . If the first r of these are kept, I ͑S; D ͒ can be approximated as
This approximation is warranted, as we see in Section 5 below, by the nearly identical plots of the signal and the signal 1 noise shown in Fig. 3 . Also, in view of Eq. (15), s f1 , s f1 , . . . , s fm are the singular values of F, scaled by a factor of ͑n 2 1͒ 1/2 . These singular values, and therefore I ͑S; D͒, can be computed without the explicit evaluation of F c . In the remainder of this paper the singular values, as well as the noise level, will be normalized to s f1 , the largest singular value, and hence the factor ͑n 2 1͒ 1/2 does not enter the computations. Section 4 below describes algorithms for calculating f, which we apply in Section 5 to estimate I ͑S; D ͒ for various objects.
COMPUTATION OF F
This section outlines the algorithm for computing the m vector f for a given striplike object described in Section 2 above. The entries of f are the fields scattered by the object at n s spatial locations r k s , k 1, . . . , n s , and n f frequencies v l , l 1, . . . , n f . The object is illuminated by a normally incident TM Z plane wave with an electric field given by
where k l v l ͑m 0´0 ͒ 1/2 is the wave number corresponding to any of the lth frequencies and´0 and m 0 are the free-space permittivity and permeability, respectively. In Eq. (18) the time dependence exp͑ jv l t͒ is suppressed.
Consider once again the object shown in Fig. 2 . We will first assume that the object is composed of PEC strips. The incident plane wave E z inc ͑ r͒ induces a z-directed conduction current J z c ͑ r͒ on the surface of the PEC strips. To analyze the scattering from the strip, we construct an electric-field integral equation (EFIE) in terms of the current J z c ͑ r͒ by forcing the total z-directed electric field to vanish along the surface S c of the PEC strip 17 :
where H where l 0 2p͞v l ͑m 0´0 ͒ 1/2 is the free-space wavelength. Next, the current on the strip is approximated by a superposition of subsectional pulse functions as 
where J ͓J j ͔ and the elements of the excitation vector V and the impedance matrix Z are given by
where h 0 ͑m 0 ͞´0͒ 1/2 denotes the free-space wave impedance. Solution of matrix equation (22) renders the desired expansion coefficients J. The computation of the scattered field from the known current distribution J on the object is discussed below.
In contrast to its behavior in a perfectly conducting strip, the total electric field inside a penetrable structure does not vanish. Rather, the total z-directed electric field, which consists of the incident and scattered fields, is proportional to the polarization current J z p ͑ r͒ residing in the scatterer cross section S p . Therefore, to compute the scattering from a penetrable object, we enforce the above consistency relationship throughout S p . This results in a volumetric EFIE for J z p ͑ r͒:
where´r͑ r͒ is the position-dependent relative permittivity of the object. We solve this EFIE numerically by discretizing the scatterer cross section into N p approximately square volumetric cells s j p of area a j p and by expanding the polarization currents J z p ͑ r͒ in subsectional pulse basis functions as
where 
where H ͑2͒ 1 ͑?͒ denotes a first-order Hankel function of the second kind. Again, solution of the resulting matrix equation yields the desired expansion coefficients J.
Given J z c ͑ r͒, the conduction current on a perfectly conducting surface S c , or J z p ͑ r͒, the polarization current in the cross section S p of a penetrable object, the fields scattered by the object at the n s receivers are computed from
where q is either c or p. We evaluate F ͑v l , r k s ͒ following the substitution of Eq. 
RESULTS
This section presents numerical estimates of the transinformation in polychromatic fields scattered by 1-D objects. We consider the dependence of the transinformation on the object material (PEC or dielectric), the object geometry (namely, N), and the number of probe frequencies (n f ). Calculation of the transinformation starts with the selection of the object's characteristics, viz., its composition (PEC or dielectric), its length l, and the depth w for a dielectric object. Next, a large number of scatterers consistent with the selected parameters are generated when we subdivide the object into N strips by assuming an equal probability for each component strip to consist of material or free space. The assumption that each strip obeys independent statistics is consistent with the interpretation that l͞N is the resolution in cases in which the number of degrees of freedom in the scattered field exceeds N . Since the strips are an ad hoc discretization of the object, we prefer that our results for the transinformation in the scattered field be independent of N. As we discuss below, the transinformation increases as N is increased but saturates for large N. Therefore, to calculate the potential transinformation for a given object geometry, we calculate the transinformation for successively larger values of N until no further significant increase of the transinformation is observed. In view of the numerical complexity of the problem, we limit our discussion to relatively small objects. In the cases described here the maximum frequency of the incident light is f 1 v 1 ͞2p 3 3 10 14 Hz ͑l 0 1.0 mm), and the object is l 5.0 mm long. Objects consisting of dielectric material are w 0.1 mm thick and have a real relative dielectric permittivity of 9.0 (a refractive index of 3.0). The scattered field is sampled at a distance of Dx m 1000 mm from the scatterer at n s 100 evenly spaced points over a total range of Dy m 10,000 mm. The number of sampling points was fixed after experimental results indicated that further increasing of the sampling rate did not substantially increase the transinformation.
An orthonormal basis for the matrix F is automatically generated when the singular values are calculated and is stored in an m 3 m matrix U. To test the hypothesis that the excitation coefficients associated with the vectors that constitute U are normally distributed with zero means, we assumed a PEC object with N 25 strips and projected the scattered fields from several thousand scatterers onto this basis. A chi-square goodness-of-fit test 19 of the distribution of excitation coefficients for a typical basis vector returns a p value of less than 10 212 when these coefficients are fitted with a Gaussian curve with zero mean, supporting the assumption of normal signal distribution. Figure 3 is a logarithmic plot of the ordered and normalized singular values for a matrix F derived from monochromatic scattering by a PEC object with Gaussian noise added 6 orders of magnitude below the signal level, i.e., a SNR of s f1 ͞s n 10 26 . The normalized singular values for the field without the noise added are also shown. According to Eq. (16), the exact transinformation for this object geometry is the area between the field 1 noise curve and the noise curve. However, with the approximation made in relation (17) , we see that this is nearly equivalent to the area between the field curve and the noise curve. This approximation will be used in all further calculations, and the noise level will not be shown explicitly.
Logarithmic plots of the singular values of F are useful for visually estimating the transinformation for various noise levels. One can move the noise level s n up and down the plot and estimate the area between the curve of the normalized singular values of F and the noise level cutoff line. This is especially useful when multiple frequencies are included in the probe field, as will become apparent later in this section. An example for monochromatic scattering is shown in Fig. 4 for the two different materials. The transinformation is plotted versus the SNR for a PEC object with N 25 strips (5 strips per wavelength) and a monochromatic probe field (n f 1) with frequency f 1 . Naturally, the higher the SNR, the more information that can be transmitted by the system. For low SNR's the transinformation increases rapidly, but it changes more gradually for higher SNR's. For all subsequent calculations the SNR will be fixed at 10 6 . Figure 5 shows the transinformation versus the number of strips N for the above-described PEC and dielectric objects probed with a monochromatic light source at frequency f 1 . In each case the number of strips N is fitted into the length of the scatterer, so that Dy l͞N. Slight oscillations arise as N increases because of the segmentation differences required for keeping the object mesh spacing less than one tenth of the wavelength while minimizing CPU time by keeping the number of segments as small as possible. One observes that the transinformation for the dielectric scatterer is slightly higher than that for the corresponding PEC object. Despite the absence of material dispersion, variations in the transin- formation encoded by different types of object medium are expected as a result of material dependencies in the near field. For both the PEC and the dielectric cases the transinformation rises initially as the number of strips is increased, because additional strips permit additional coding complexity in the field. The transinformation saturates, however, when the strip size falls below the resolution of the field. The transinformation for 25 strips for the PEC object is 209 and for the dielectric object is 228. In succeeding calculations we use N 25 strips, and all the transinformation measurements will be normalized to the above-mentioned values, respective to the material.
We now turn our attention to multiple-frequency probe fields. Figure 6 shows the normalized singular values for a 25-strip PEC object probed by two frequencies, f 1 and f 2 , with f 2 v 2 ͞2p af 1 , for several different frequency separations a. The singular values for a monochromatic probe field at frequency f 1 are also plotted for reference, as is the theoretical limit for two frequencies. We obtain the theoretical limit by assuming that the fields scattered at each frequency are completely independent, resulting in a doubling of the transinformation for a fixed noise level. The calculated transinformation, however, falls below this limit. As Fig. 6 shows, larger frequency separations, i.e., smaller a's, yield greater transinformation. When the frequency separation is 10% (a 0.9), the transinformation is 1.68 times that obtained with a monochromatic probe field. Table 1 shows the relative transinformation for each frequency separation normalized to the singlefrequency result. Figure 7 repeats the above analysis for a dielectric object. Once again, the normalized transinformation for each frequency separation is shown in Table 1 . In this case the normalization is to the dielectric monochromatic transinformation. Although the normalized theoretical limit is the same as that for the PEC object, the actual Fig. 7 . Singular values for two frequencies with varying frequency separations for a dielectric object. Fig. 8 . Singular values for three frequencies for a PEC object. transinformation is slightly higher for each corresponding frequency separation. In fact, the theoretical limit is nearly reached for a 10% frequency separation, where the transinformation is 1.86 times that for a single frequency.
Results of a similar analysis for a PEC object excited by a three-frequency probe field are plotted in Fig. 8 . The three frequencies are each separated by 5%, i.e., f 2 0.95f 1 and f 3 0.90f 1 . In this example the theoretical limit on the transinformation is three times the monochromatic result. The values for the transinformation are displayed in Table 1 , as are the corresponding values for a dielectric object (not plotted). Next, we examine scattered fields at several frequencies for both materials. Figure 9 shows the normalized singular values for up to five frequencies scattered from a PEC object. The frequencies are evenly spaced, with the lowest frequency 10% below the highest; for example, if there are four frequencies, then f 4 0.90f 1 , f 3 0.933f 1 , and f 2 0.967f 1 . With five frequencies we have f 5 0.90f 1 , f 4 0.925f 1 , f 3 0.95f 1 , and f 2 0.975f 1 . As one can see, the addition of more frequencies increases the information content of the scattered field by creating regions of increased singular values. Each additional frequency creates a step in the plot of singular values at a level somewhat below previous values. Descending step behavior is due to an overlap of the information recovered through different frequencies. A sixth frequency would not increase the transinformation appreciably at this noise level, since the associated singular values would lie below the noise level. The normalized transinformation for each number of frequencies is listed in Table 2 . Clearly, the more frequencies that are available for scanning the subwavelength object, the higher the information content of the scattered field will be. However, the noise level will severely limit the maximum number of frequencies that increase the transinformation for the PEC object. Figure 10 depicts the normalized singular values for up to six frequencies scattered from a dielectric object. This is the maximum number of frequencies that our computer (an IBM RS6000 with 64 MB of random access memory) will permit us to calculate (as limited by the singular value decomposition routine). Unlike in the case of the PEC object, the singular values for the dielectric scatterer are still much higher than the noise level, even with six frequencies. The steplike drop with each new frequency is less pronounced in the dielectric case. The results of Figs. 9 and 10 show that more frequencies in the probing beam yield a higher transinformation for the overall system. Although the PEC system is severely limited by noise, this is not the case for the dielectric. Even though the maximum limit is never reached, the polychromatic system offers an impressive improvement over the monochromatic system.
In all the preceding analyses we have been modeling a scatterer that is l 5.0 mm long and have been modeling the incident field as plane waves. In practice, we may be interested in a longer object. Scattering by larger objects can be modeled with spatially limited fields. Figure 11 shows the singular values for a 50.0-mm PEC scatterer that is illuminated by a spatially Gaussian field with a standard deviation of approximately 5.0 mm. The results are similar to those that we obtain with the smaller scatterers illuminated by plane waves. As with monochromatic systems, there is some evidence that resolution limits are slightly broader when the field of view is small, but comparisons with scattering from large areas are computationally difficult.
CONCLUSION
We have shown that interferometrically detected polychromatic fields scattered by small objects formed of nondispersive materials contain sufficient degrees of freedom for imaging resolution superior to that of monochromatic systems. An important point to note is that our numerical analyses do not use Kirchhoff boundary conditions. In fact, when Kirchhoff boundary conditions are imposed on our system we find that the transinformation for any number of multiple frequencies automatically reduces to that of the highest scanning frequency. In other words, our results require detailed electromagnetic consideration of the field at the object plane. Additional studies extending our analysis to 2-D structures formed of dispersive scatterers and considering the problem of image reconstruction must be performed to apply these degrees of freedom to superresolved optical imaging. Experimental demonstration of superresolved object dis-crimination should be possible with existing hardware and will be a near-term goal.
